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ABSTRACT
We discuss a new technique to constrain models for the origin of radio relics in galaxy
clusters using the correlation between the shock Mach number and the radio power of
relics. This analysis is carried out using a sample of relics with information on both the
Mach numbers derived from X-ray observation, MX , and using spectral information
from radio observations of the peak and the average values of the spectral index along
the relic, MR. We find that there is a lack of correlation between MX and MR;
this result is an indication that the spectral index of the relic is likely not due to the
acceleration of particles operated by the shock but it is related to the properties of
a fossil electrons population. We also find that the available data on the correlation
between the radio power P1.4 and Mach numbers (MR and MX) in relics indicate
that neither the DSA nor the adiabatic compression can simply reproduce the observed
P1.4 −M correlations. Furthermore, we find that the radio power is not correlated
with MX , whereas it is not possible to exclude a correlation with MR. This also
indicates that the relic power is mainly determined by the properties of a fossil electron
population rather than by the properties of the shock. Our results require either to
consider models of shock (re)acceleration that go beyond the proposed scenarios of
DSA and adiabatic compression at shocks, or to reconsider the origin of radio relics
in terms of other physical scenarios.
Key words: Galaxies: clusters: general, theory.
1 INTRODUCTION
Galaxy clusters are the largest gravitationally-bound struc-
tures in the universe. They are also the largest storage rooms
for dark matter, baryonic material in the form of stars and
galaxies, and diffuse gas in the form of a hot (T ∼ 107−108
K) and tenuous (n ∼ 10−3−10−2 cm−3) ionized plasma (in-
tra cluster medium, ICM) that fills the space between galax-
ies. Beyond the baryonic material of the ICM and galaxies,
many clusters host non-thermal components in the form of
∼ µG magnetic fields and relativistic particles (i.e., cosmic
rays electrons) as indicated by the steep-spectrum, diffuse
radio emission due to synchrotron emission of these rela-
tivistic particles.
During the last decade considerable progress has been
made in the observations and in the physical description of
diffuse radio sources in galaxy clusters which are referred
to as radio halos (RH), radio mini-halos (RMH) and radio
relics (RR), depending on their location, morphology, and
? E-mail:sergio.colafrancesco@wits.ac.za
polarization properties (see, e.g., Feretti et al. 2012 for a
review).
Radio halos found in the most massive clusters have
spatial morphologies similar to their ICM X-ray emission
(e.g. Deiss et al. 1997; Govoni et al. 2001a), even if in some
cases a difference is noted (e.g. Govoni et al. 2012), and are
usually centrally located in galaxy clusters that are experi-
encing merging processes (e.g. Giovannini, Tordi & Feretti
1999), even though in some cases no evidence of major merg-
ers but only accretion interactions with galaxy groups have
been found (see, e.g., Ogrean & Bru¨ggen 2013 for the case
of the Coma cluster). RHs show little (or no) synchrotron
polarization (6 5%, Feretti et al. 2012), although a few RHs
with regions showing more sensitive polarized radio emission
have been reported (e.g. Govoni et al. 2005).
Radio mini-halos are also typically located at cluster
center but with their radio emission concentrated on smaller
scales (∼ 100-500 kpc) (see, e.g., Ferrari et al. 2008 for a
review) of the central radio galaxy; they have steep spectral
index and are found often in relaxed, cool-core clusters, with
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or without signs of dynamical activity (see, e.g., Cassano,
Gitti & Brunetti 2008 and references therein).
Radio relics are typically observed towards the clus-
ter periphery at ∼ Mpc distances from the cluster centre
(e.g. Feretti et al. 2012). They are observed to be roundish
or elongated (with the major axis roughly perpendicular to
the direction of the cluster center, see, e.g., Bonafede et al.
2009a; van Weeren et al. 2009; Giovannini et al. 2013) and
seem to be strongly polarized, with fractional linear polar-
ization observed at 1.4 GHz lying above 10%, and reaching
values up to 50% in some specific regions (e.g. Bonafede et
al. 2009a).
Based on their morphology these radio sources are usually
divided into two main groups: ”radio gischt”, with a very
elongated morphology, that include also double-relics with
the two relics located on different sides of a cluster centre,
and ”radio phoenixes” with more roundish shapes. RRs have
usually steep synchrotron spectra (αr ∼ 1.0–1.4, where the
flux density is Sν ∝ ν−αr ), they are characterized by low-
surface brightness emission (∼ µJy arcsec−2 at 1.4 GHz),
they have large physical extents (up to ∼ 1-1.5 Mpc), they
are highly-polarized, and they have 1.4 GHz radio powers in
the range of 1023 − 1026 W Hz−1 (e.g. Feretti et al. 2012).
Radio relics have been initially considered as the
remnants of radio galaxy lobes (Giovannini, Feretti &
Stanghellini 1991). Subsequently, the claim that relics seem
to trace the shock fronts produced by accretion activity or
merging events (see, e.g., Enßlin et al. 1998) led to consider
intra-cluster shocks as the origin of radio relics. The idea of
accelerating particles via diffusive shock acceleration (DSA)
was widely considered (see, e.g., Enßlin et al. 1998; Kang &
Ryu 2011) thus attributing the relics origin primarily to a
particle acceleration mechanism, even though also the dif-
ferent mechanism of adiabatic compression of clouds of fossil
relativistic electrons and magnetic fields is in place in these
structures (see, e.g., Enßlin & Gopal-Krishna 2001).
More detailed studies (Kempner et al. 2004) led to consider
that the ”radio gischt” are produced by shock waves orig-
inated in the ICM, and that the ”radio phoenix” are rem-
nants of AGN activity, therefore suggesting that only ”radio
gischt” have to be properly considered as radio relics. How-
ever, there have been recently a growing number of cases
where also the ”radio gischt” have been shown to be con-
nected with radio galaxies (see, e.g., the cases of the cluster
PLCKG287.0+32.9, Bonafede et al. 2014; the Bullet clus-
ter, Shimwell et al. 2014, 2015; the cluster A3411-3412, van
Weeren et al. 2017a), suggesting therefore that this could be
a common origin for all radio relics. Nonetheless, in the case
of the cluster PLCKG287.0+32.9, given the large size of the
relic – larger than the distance that the electrons can cross
in a magnetized medium without loosing their energy – and
the complex structure of the relic, Bonafede et al. (2014)
suggested that more than one radio galaxy could produce
the electron distribution associated to the relic.
As for the physical mechanism producing radio relics,
models based on shock acceleration of particles from the
thermal pool via DSA have been strongly challenged by both
observational and theoretical arguments. In fact, not all clus-
ters showing the presence of merging host a radio relic, and
DSA has been found to be very inefficient for weak shocks, as
it is usually found in galaxy clusters (see Kang, Ryu & Jones
2012). In addition, in a number of cases where it was possible
to measure the Mach number of the shock from X-ray obser-
vations, it has been found that the Mach number value was
not sufficient to produce, via DSA, a radio spectral index of
the order of the observed one (see, e.g., the cases of Coma,
Ogrean & Bru¨ggen 2013; CIZA J2242.8+5301, Ogrean et
al. 2013a; see also Akamatsu et al. 2017 for the most recent
compilation). In some other cases, the position of the shock
is also not coincident with the position of the radio relic (see,
e.g., the case of the Bullet cluster, Shimwell et al. 2015).
These problems led to require the presence of a fossil
population of non-thermal electrons, possibly produced by
pre-existing lobes/relics of radio galaxies, that can be then
reaccelerated at the shock front (Pinzke, Oh & Pfrommer
2013; Bonafede et al. 2014). This assumption could reduce
the efficiency of the shock acceleration required to produce
the relic, and could then explain why not all merging clus-
ters host a relic.
However, even the inclusion of a pre-existing electron pop-
ulation does not solve all the problems connected with the
DSA interpretation of the relic origin, like the lack of de-
tection of galaxy clusters in the gamma-rays which strongly
challenges the role of DSA as the origin of the electron accel-
eration, even though the electrons are part of a pre-existing
fossil population (Vazza & Bru¨ggen 2014), and the fact that
DSA models do not predict a sharp decrease of the radio
spectrum at high frequencies as observed in some relic (Kang
& Ryu 2015).
Another scenario that has been proposed is the electron
re-acceleration by turbulences produced behind the shock
fronts, that can explain the observed value of the spectral
index of the relic in the Toothbrush cluster, that is flatter
than the value predicted by the DSA, as well as the shift
in the positions of the relic and the shock front in the same
cluster (Fujita et al. 2015). However, also this model has
the problem that turbulences should also accelerate protons
(Vazza & Bru¨ggen 2014; Vazza et al. 2016), thus generating
a quite strong gamma-ray emission.
In this framework, alternative explanations of relics be-
ing produced by, e.g., adiabatic compression of lobes of radio
galaxies deserves to be further considered as the origin for
radio relics. Van Weeren et al. (2017a) recently disfavoured
such a possibility because of the observed flattening of the
spectral index close to the position of the shock in the merg-
ing cluster A3411-A3412. However, Enßlin & Gopal-Krishna
(2001) previously showed that a change of the spectral in-
dex depending on the time elapsed between the injection of
the electrons and the compression operated by the shock is
indeed expected in this model, because not only the elec-
trons density but also the magnetic field is compressed (and
amplified) by the shock, and in some cases this effect can
produce a flattening of the radio spectral index. The same
authors also pointed out that a compression model can be
favoured w.r.t. an acceleration model because shock waves
can have difficulties in accelerating the electrons inside a
bubble of relativistic plasma because the sound speed inside
such a bubble is much higher than in the surrounding ICM
and therefore a shock wave with a given velocity is seen with
a much lower Mach number by the electrons inside the bub-
ble. Moreover, Pfrommer & Jones (2011) studied a model
where a radio galaxy with one or more lobes crosses a shock
front, finding that the action of the compression of the lobes
c© 2014 RAS, MNRAS 000, 1–14
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can produce a morphology of the resulting radio emission
quite similar to those observed in relics.
The observational and theoretical arguments presented
so far indicate that the physical origin of radio relics in clus-
ters is not clear yet: a connection between radio relics and
radio galaxies is suggested in some clusters, but deserves to
be thoroughly and further investigated in all clusters host-
ing radio relics in order to understand if it can be considered
as a general mechanism for the formation of relics. In addi-
tion, it is not clear yet if all the sources presently classified
as relics have indeed the same origin; in some case, in fact,
it has been found that some sources classified as relics are
not really relics, but are simply residual of radio galaxies
or AGN activity, as in the cases of A13 (Juett et al. 2008;
George et al. 2017). Other open problems include the rea-
sons why relics are usually found at the periphery of clusters,
what is the origin of the bridge between the relic and the
radio halo observed in some cluster (e.g., Coma, see Brown
& Rudnick 2011), and if the polarized filaments observed
within the radio halos in some clusters (e.g., A2255, Govoni
et al. 2005; MACS J0717.5+3745, Bonafede et al. 2009b)
are actually relics seen projected close to the direction of
the cluster center (see, e.g., Pizzo et al. 2011).
Once all the relics are analyzed systematically and are prop-
erly classified according to their morphology and their con-
nection with radio galaxies, it is then necessary to proceed
with a detailed analysis of their properties in order to un-
derstand which scenario for their formation is favoured.
In this paper, we focus on the the connection between
Mach numbers (representing shock acceleration properties)
and relic radio power measured at 1.4 GHz. We derive these
data for a sample of 20 relics in 16 galaxy clusters where we
have both radio and X-ray information about the relics and
the possible associated intra-cluster shocks. We describe in
Sect. 2 the theoretical framework of the relic radio emission
in the model of particle acceleration via DSA and in the adi-
abatic compression of fossil relativistic electrons, focussing
in particular on the relation between radio power and shock
Mach number we can expect in the two scenarios. We derive
the observational correlation between the relic radio lumi-
nosity at 1.4 GHz P1.4 and their Mach number M in Sect.
3 analyzing the correlation for the Mach numbers derived
from radio spectral information and those derived from X-
ray observations. We discuss our results in Sect. 4, and we
summarize our conclusions in the Sect. 5 of this paper.
A flat, vacuum dominated cosmology with ΛCDM cos-
mology with H0 = 67.3 km s
−1 Mpc−1, ΩΛ = 0.68 and
ΩM = 0.32 is assumed throughout this paper.
2 THEORETICAL FRAMEWORK
We describe in this section the basic information about the
theory of shock acceleration and of magnetic field compres-
sion at relics that are necessary to derive the theoretical
predictions for the P1.4 −M correlation we want to study.
2.1 Acceleration of particles via DSA
The DSA theory (Drury 1983; Blandford & Eichler 1987)
is based on the original idea of Fermi (1949), according to
which a particle crossing a shock surface moving at a velocity
v is accelerated by a factor ∆E/E ∼ v/c; since in a galaxy
cluster the shock waves move in a magnetized plasma, a par-
ticle diffusing in the plasma irregularities can cross several
times the shock surfaces, increasing in this way its energy.
Bell (1978) showed that the spectrum of particles produced
in this way is depending only on the shock strength, and it
is expected to take the shape of a power law, N(p) ∝ p−si ,
where p is the momentum of the particle, and
si =
2u2 + u1
u1 − u2 , (1)
where u1 and u2 are the upstream and downstream veloc-
ities in the shock rest frame, respectively. Therefore, for
strong shock with compression ratio r = u1/u2 >> 1, a
spectrum with si ∼ 1 is expected, while for a weak shock
with r ∼> 1 the spectral index becomes very steep (si →∞).
In a gas with a polytropic index γg = 5/3, and in the
strong shock limit, the compression ratio takes the value
r = (γg+1)/(γg−1) = 4, implying that the flattest possible
value of the spectral index is si = 2. In term of the shock
Mach number, defined as M = v/cs, where cs is the sound
speed in the medium, the compression ratio for a polytropic
index γg = 5/3 is given by
r =
4M2/3
M2/3 + 1 , (2)
and this translates in the relation
si = 2
M2 + 1
M2 − 1 . (3)
A pressure jump of the thermal gas is also expected:
P2
P1
=
4r − 1
4− r , (4)
where P1 and P2 are the upstream and downstream pres-
sures, respectively (see, e.g., Landau & Lifshitz 1959).
Since the radio spectral index is connected with the
equilibrium electrons spectral index by αr = (s− 1)/2 (see,
e.g., Longair 1994), where Fν ∝ ν−αr , the expected radio
spectral index can be connected to the shock strength; the
Mach number of the shock required to produce a radio spec-
trum with spectral index αr is thus given by
M2 = 2αr + 3
2αr − 1 (5)
if the electrons are located close to the shock and do not
have time to reach the equilibrium with the energy losses
(s = si), and is given by
M2 = αr + 1
αr − 1 (6)
if the electrons have reached the equilibrium with the energy
losses (s = si + 1). As a consequence, DSA predicts radio
spectral index that must be ∼> 0.5 close to the shock front
and ∼> 1 far away from the shock front in the strong shock
limit.
Numerical studies have been performed to estimate the
strength of the shocks produced during the evolution of a
galaxy cluster, considering both the shocks produced in the
continuous growth of matter falling in the cluster gravita-
tional potential well (accretion shocks) and the shocks pro-
duced during the merging of different pre-existing clusters
(merging shocks). External shocks, produced in regions out-
side the virialized radius, where the matter usually has not
c© 2014 RAS, MNRAS 000, 1–14
4 Colafrancesco, Marchegiani and Paulo
yet been heated by other shocks, are expected to have very
high Mach numbers, even up to M ∼ 100 (e.g. Ryu et al.
2003), because the sound speed in these regions is lower
due to the low temperature of the plasma, whereas internal
shocks are expected to have usually lower Mach numbers
(M < 4, Ryu et al. 2003), but are expected to be more ef-
fective in accelerating particles, because they are located in
regions with higher densities of seed electrons. The efficiency
of acceleration of particles by shocks with low Mach number
is still not well understood, but in general it is supposed to
be low (see, e.g., Hoeft & Bru¨ggen 2007).
If the seed electrons population is not the thermal bath
of the cluster ICM, but a previous population of relativistic
particles that are losing their energy, for weak shocks DSA
is not expected to change heavily the spectrum of the elec-
trons at low energies, because the spectrum of the electron is
expected to maintain the shape provided by the seed popu-
lation at low energies, and to assume the shape predicted by
the DSA at higher energies (see, e.g., Fig.8 in Macario et al.
2011). However, by increasing the strength of the shock the
spectrum of the electrons will approach the shape produced
via DSA along all the spectrum of the electrons (Kang &
Ryu 2011). Therefore, we should expect a sudden change of
the electrons properties for shocks with M∼ 4 or higher.
A complementary model involves the turbulences that
can be produced during the shock and can reaccelerate
stochastically the electrons (see Fujita et al. 2015). This
model is often considered as a complementary mechanism
of direct acceleration models that is able to maintain the
electrons accelerated in a wider region and for a longer time
after the shock passage differently from the standard DSA
(e.g. Kang, Ryu & Jones 2017).
2.2 Adiabatic compression of fossil relativistic
electrons
The theory of adiabatic compression of clouds of fossil rel-
ativistic electrons operated by shock waves has been devel-
oped by Enßlin & Gopal-Krishna (2001). The time depen-
dent equation describing the evolution of the electrons spec-
trum, when there is not an active source of particles and the
the diffusion is neglected, is given by:
−dp
dt
=
4
3
σT
mec
uRp
2 +
1
3
1
V
dV
dt
p , (7)
where p is the normalized momentum of the particle, uR
is the energy density of the radiative fields (CMB photons
and magnetic field) that produce energy losses, and V is the
volume of the cloud of relativistic plasma. By defining the
compression ratio as
C(t) =
V0
V (t)
, (8)
it is possible to calculate the momentum of a particle with
initial momentum p0 at a time t:
p(p0, t) =
p0
C(t)−1/3 + p/p∗(t)
, (9)
where the characteristic momentum is given by
1
p∗(t)
=
4
3
σT
mec
∫ t
t0
dt′uR(t
′)
(
C(t′)
C(t)
)1/3
. (10)
For an initial power-law shape
N(p) = N0p
−s (11)
between pmin and pmax, the spectrum at time t is given by
N(p, t) = N0C(t)
(s+2)/3p−s(1− p/p∗(t))s−2 (12)
between p(pmin, t) and p(pmax, t). Due to the effect of com-
pression, also the magnetic field energy density is changed
by a factor
uB(t) = uB,0(V/V0)
−4/3 (13)
and, since uB ∝ B2, this means that B(t) ∝ C(t)2/3.
In the model of Enßlin & Gopal-Krishna (2001), the
clouds of plasma are injected by radio galaxies, expand by
losing energy due to radiative losses and adiabatic expansion
until pressure equilibrium with the environment is reached,
then remain in a state where electrons only lose energy by
radiative losses at a low rate until the cloud is eventually
compressed by a shock wave. Given the higher sound speed
inside the cloud compared to the environment, the shock is
expected to have a very low Mach number inside the cloud,
and therefore it is not expected to accelerate the electrons
via DSA, but just by compressing the cloud. The compres-
sion factor can be calculated from the pressure jump:
C =
(
P2
P1
)3/4
, (14)
where P1 and P2 are the upstream and downstream pres-
sures, respectively. In this stage the cloud is expected to be
compressed along the direction of the shock wave motion,
and to expand perpendicularly to this direction, assuming
the typical elongated shape of radio relics. After this stage,
the electrons are subject to energy losses and their radio
emission drops quickly.
We note that the eq.(11) is in general an approximation
of the real electron spectrum that is expected in a cloud
of fossil electrons; in fact, because of the energy losses of
the electrons, the spectrum is expected to change with the
distance from the source, and this effect can be parametrized
with an exponential cutoff at high energies, with a cutoff
energy value that is changing across the cloud producing
a steepening of the spectrum (see, e.g., van Weeren et al.
2017a for the case of A3411-A3412). However, the effect of
the compression is to re-energize the electrons and to amplify
the magnetic field (see eqs.9 and 13 respectively), and as
a consequence the electrons that are producing the radio
emission at a given frequency are located in a lower energy
region of the spectrum w.r.t. the electrons in the initial cloud
(see discussion in the next subsection), and in this lower
energy region the effect of the exponential cutoff is expected
to be less strong. Therefore, whereas the full structure of
the spectrum of the electrons in the cloud is necessary to
understand the detailed structure of a specific relic, for a
statistical study that involves the average properties of a
number of relics the approximation of a single power law
spectrum as in eq.(11) should not impact heavily on the
final results.
2.3 Radio emission
Electrons accelerated by the previous mechanisms are ex-
pected to produce radio emission by synchrotron emission
c© 2014 RAS, MNRAS 000, 1–14
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when interacting with the magnetic field. Hoeft & Bru¨ggen
(2007) calculated the radio power that is produced by DSA:
Pν ∝ S · nd · ξe · ν−αr · T 3/2d
B1+αr
(B2CMB +B
2)
Ψ(M) , (15)
where S is the shock surface area, nd is the downstream
electron density, ξe is the electron acceleration efficiency,
Td is the downstream electron temperature, B is the relic
magnetic field, and Ψ(M) is the function that includes the
dependence of the radio power from the Mach number. Ac-
cording to Fig.4 of Hoeft & Bru¨ggen (2007), the dependence
of Pν on the Mach number has a very steep increase in the
weak shock region (M < 4), where the slope of the function
Ψ(M) is found to be close to 10–11 for M ∼< 3, while it is
almost flat in the strong shock region (M > 4). Therefore,
we can expect a very quick drop in the relic radio emission
for M ∼< 4.
On the other side, the adiabatic compression model al-
lows to have a boosting of the radio emission during the
compression phase even for low Mach number values (Enßlin
& Gopal-Krishna 2001). By writing the radio luminosity as:
Pν ∝ N B
1+αr
(B2CMB +B
2)
V (16)
we can find that, for a magnetic field smaller than BCMB ∼
3 µG that does not impact on energy losses, the radio emis-
sion is amplified by a factor
A ∝ C(s+2)/3 × [C2/3]1+αr × C−1 . (17)
For example, for a shock with M ∼ 3, we can estimate a
compression ratio of r = 3, and a pressure ratio of P2/P1 =
11. This corresponds to a compression factor C ∼ 6. There-
fore, the magnetic field is amplified by a factor ∼ 3.3 ac-
cording to eq.(14), and the electron density, for a spectral
index s = 3.5 (that in the adiabatic compression scenario
is not determined by the shock strength but by the radio
galaxy jet), is amplified by a factor ∼ 27, while the volume
is reduced by a factor C. Therefore, for the corresponding
radio spectral index αr = 1.25, the radio power is ampli-
fied by a factor ∼ 27 × 3.32.25 × 6−1 ∼ 66. In Figure 1, we
show this amplification factor calculated for several values of
the Mach number and of the electrons spectral index s; we
find that the adiabatic compression model does not predict
a sudden change in the radio luminosity aroundM∼ 4, but
a continuous increase of the amplification factor following a
power law with A ∝Ms+0.1.
Another effect is a possible flattening of the radio spec-
trum, because if the electrons spectrum is ageing after
the injection episode, we can expect that the spectrum is
steepening towards high energies (e.g. Sarazin 1999); at a
given frequency, the energy of the electrons emitting at that
frequency is (E/GeV)2 ∼ (ν/16 MHz)(B/µG)−1 (Longair
1994). Therefore, when the magnetic field is increasing by
compression, the energy of the electrons that are emitting
at a given frequency is smaller, and the electrons spectrum
at lower energy can be flatter. In the case we considered
previously, the energy of the electrons emitting at a given
frequency is smaller by a factor 3.3−1/2 ∼ 0.55. According
to eq.(9) we can see that another effect of the adiabatic com-
pression is to change the energy of the electrons by a factor
of the order of C1/3, therefore producing a shift toward high
energies of the electrons spectrum and a flattening of the ra-
Figure 1. Amplification factor A calculated according to eq.(17)
for values of the eletrons spectral index s = 2.5, 3.0, 3.5, 4.0, 4.5
from the bottom to the top as a function of the Mach number;
the solid lines are proportional to Ms+0.1.
dio spectrum. We note that the electrons that in the cloud
have already lost almost all their energy (in the high-energy
part of the spectrum) are not reaccelerated in this scenario,
therefore we should expect a sudden and strong decrease of
the radio emission at high frequency.
The compression mechanism also produces an align-
ment of the magnetic field lines: this increases the polariza-
tion level of the radio emission, and produces an anisotropy
of the radio emission (that is proportional to the component
of the magnetic field perpendicular to the line of sight). If
the direction of the shock is almost perpendicular to the
line of sight, we should then observe a relic with a very
elongated shape in the direction perpendicular to the shock,
with high luminosity and high polarization; if the direction
of the shock is close to the observer direction, we will observe
a more roundish shape (the compression is happening along
the line of sight), with a lower luminosity and a lower degree
of polarization. Therefore, in this scenario both the ”radio
gischt” and the ”radio ghosts” can have the same origin, but
different geometrical orientations.
Therefore, the adiabatic compression scenario should
produce, unlike the DSA one: i) a distribution of the radio
luminosity as a function of the Mach number that does not
show a sudden change around M = 4; ii) a high frequency
steepening of the radio spectrum much stronger than in the
DSA scenario; iii) a correlation between the shape, the lumi-
nosity, and polarization level of the relic (relics with a very
elongated shape should appear more luminous and more po-
larized); iv) since electrons lose their energy on a time-scale
∼< 1 Gyr after the injection, the shock front must be located
very close to the relic, otherwise the adiabatic compression
is no longer able to produce a detectable radio emission,
because it is not reaccelerating the electrons.
These considerations suggest that it is necessary to per-
form a study of the correlation between the luminosity of the
relic and the observed Mach number of the shock, as well as
an examination of the spectral and spatial properties of the
relics and their morphological connection to radio galaxies
to discriminate between the acceleration and the adiabatic
c© 2014 RAS, MNRAS 000, 1–14
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compression scenario. In this paper we will focus on the first
topic, and will address the second one in a future paper (Co-
lafrancesco et al., in preparation).
3 CORRELATION BETWEEN RADIO
LUMINOSITY AND MACH NUMBER
3.1 The cluster sample
As a preliminary work to the present paper, we build a sam-
ple of 60 galaxy clusters with detected radio relics extracted
from the literature. In this sample, a total of 77 radio relics
were found; among them 43 are considered as single relics
(i.e., one relic within the cluster) and 17 are considered dou-
ble relics (i.e., two relics located on different sides of a cluster
centre). We will discuss in details the statistical properties
of this sample and the morphological analysis of each one
of these cases in a forthcoming paper (Colafrancesco et al.,
in preparation), while we will focus here on the sample of
clusters for which we have information on Mach numbers
derived both through radio and X-ray observations in order
to study their correlation with the relic radio power.
The determination of the Mach number of a shock as-
sociated to a radio relic is not a trivial operation. Several
different methods have been used in the literature, and
sometimes they give quite different results for the same
shocks. The different proposed methods are based on X-ray
data (through the density or temperature jump; e.g. Marke-
vitch & Vikhlinin 2007), on the radio spectral index assum-
ing DSA (e.g. Blandford & Eichler 1987), on the Sunyaev-
Zeldovich effect (through the pressure jump; e.g. Erler et
al. 2015), on the ellipticity of the relic (through the ratio
between the major and minor axis as produced by shock
compression; e.g. Pfrommer & Jones 2011), and on the level
of polarization (e.g. Kierdorf et al. 2017). At present, de-
terminations of the Mach number from X-ray and from the
radio spectral index values are the most used methods, and
we will refer to them in the following analysis.
From X-ray observations, the shock jump conditions are
given by the Rankine-Hugoniot conditions (e.g. Landau &
Lifshitz 1959), according to which the Mach number, for a
polytropic index 5/3, is related to the density and to the
temperature jump by:
n2
n1
=
4M2X
M2X + 3
(18)
T2
T1
=
5M4X + 14M2X − 3
16M2X
(19)
where we indicate with MX the Mach number that can be
determined with this method. The determination of MX
from the temperature jump is in principle more solid than
other methods, because it is less subject to effects of projec-
tions along the line of sight (see e.g. discussion in Ogrean
et al. 2013b), and also allows to understand if the jump is
produced by a shock or by a cold front depending on the
direction of the jump; however, it requires a higher number
of photon counts to perform the fitting to the X-ray data,
that usually is difficult to obtain in the external regions of
galaxy clusters. The determination ofMX from the jump in
the X-ray surface brightness is a more solid technique but it
shows the mentioned problems in interpreting the data, such
as projection effects. The determination of MX via density
jump is also known to be more accurate for low Mach num-
bers because of the different shapes of the two functions in
eqs. (18) and (19) (e.g. Markevitch & Vikhlinin 2007). In the
following we will collect from the literature the results ob-
tained with both these methods, and we will select the data
that the authors consider more reliable, where the error bars
are smaller.
The other method to determine the Mach number of
a shock, which is usually used in literature, is related to
the use of radio spectral index information. In particular,
eq.(5) should be used when the radio spectral index is mea-
sured close to the shock front, and the electrons spectrum
is the injection one because they do not have time to lose
their energy, while eq.(6) should be used if the electrons
have reached the equilibrium with the energy losses. Unfor-
tunately, it is not always easy to determine if the electrons
have reached the equilibrium, and as a consequence it is not
clear to establish which equation must be used. Often, the
first equation is used when the spectral index is smaller than
1, and the second equation when the spectral index is larger
than 1. As a result, when working with a sample of clusters
where the radio spectral index are not measured in a uniform
way and the Mach numbers are not derived accordingly, it
is possible to obtain paradoxical results where shocks with
higher Mach numbers produce relics with steeper spectral
index (see, e.g., table 4 in Hindson et al. 2014). Therefore,
in the following we determined the Mach number from radio
observations MR in two ways:
• from the flattest observed value of the radio spectral
index, αpeak, using eq.(5) to determine MR,p;
• from the averaged value of the radio spectral index
along the relic αav, using eq.(6) to determine MR,a.
While the first method is expected to be more precise in
determining the shock properties because the electrons are
expected to be captured close to the shock, it is more diffi-
cult to achieve because it is necessary to measure the spec-
tral index just at the position of the shock, therefore re-
quiring to identify with precision the position of the shock,
and performing measurements with high spatial resolution
that must be the same at all the frequencies where the radio
emission is observed. The second method is experimentally
more solid, but is less precise theoretically, because the av-
erage value of the spectral index along the relic will involve
regions where the electrons have just been emitted, regions
where the electrons are approaching the equilibrium, and
possibly also regions where the effect of the acceleration is
finished, and the electrons are ageing thus quickly steepen-
ing their spectrum; therefore, it is just an approximation
to assume that the average spectral index is equal to the
equilibrium one.
We searched for the relics where the Mach number has
been determined with both the X-ray and the radio spectral
index methods. The results are shown in Table 1. In building
this Table, we avoided to use values of the radio spectral in-
dex that can not be accounted by the DSA (i.e. αpeak 6 0.5
and αav 6 1); when these kinds of data were presented in
literature, we searched for other determination of the spec-
tral index, and we increased the error bars to account for
both values.
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Table 1. The cluster relic sub-sample: radio power P1.4, X-ray derived Mach number valuesMX (from eqs.18–19), flattest radio spectral
index αpeak and corresponding derived radio Mach number MR,p (from eq.5), average spectral index αav and derived Mach number
MR,a (from eq.6). References: (1) Shimwell et al. (2015); (2) Macario et al. (2011); (3) Kassim et al. (2001); (4) Giacintucci et al. (2008);
(5) Bourdin et al. (2013); (6) Trasatti (2014); (7) Ogrean & Bru¨ggen (2013); (8) Giovannini et al. (1991); (9) Trasatti et al. (2015); (10)
Clarke & Enßlin (2006); (11) van Weeren et al. (2012); (12) Johnston-Hollitt (2003); (13) Akamatsu et al. (2012a); (14) Ro¨ttgering et al.
(1997); (15) Akamatsu & Kawahara (2013); (16) Stroe et al. (2013); (17) Akamatsu et al. (2015); (18) Kale et al. (2012); (19) Akamatsu
et al. (2012b); (20) van Weeren et al. (2011); (21) Owers et al. (2014); (22) Shimwell et al. (2016); (23) van Weeren et al. (2013); (24) van
Weeren et al. (2017a); (25) Botteon et al. (2016a); (26) Govoni et al. (2001b); (27) Lindner et al. (2014); (28) Botteon et al. (2016b); (29)
Orru` et al. (2007); (30) Eckert et al. (2016); (31) Pizzo & De Bruyn (2009); (32) Akamatsu et al. (2017); (33) Bonafede et al. (2009b);
(34) Ma, Ebeling & Barrett (2009); (35) van Weeren et al. (2017b); (36) Ogrean et al. (2013b). Notes: a: error bar not present in the
cited paper, we assumed 0.1 on the last significant digit; b: error bar assumed to match the value of 0.92 ± 0.02 given by Trasatti et
al. (2015); c: van Weeren et al. (2012) give the value 1.0 ± 0.2, but from the spectrum they publish it is clear that this spectral index
does not match well the points at 1.7 and 2.3 GHz and is affected mainly from the point at 147 MHz that has a big error bar, therefore
we fixed the value at the maximum value allowed by their error bar; d : error bar assumed to match the value of 0.9± 0.1 estimated by
Johnston-Hollitt (2003); e: value and error estimated from the map published in Lindner et al. (2014); f : value estimated from the full
resolution data of Pizzo & De Bruyn (2009) and error fixed to match the value they derive after correcting to have the same angular
resolution at the different frequencies (0.8 ± 0.1) and the value 1.4 estimated by Feretti et al. (1997); g: tentative estimate derived by
us from the jump in the temperature observed between the regions A6 and A15 by Ma et al. (2009), that have temperatures of 19 ± 8
and 12± 5 keV respectively; h: error bar not present in the cited paper, estimated by us from the errors on the temperature; i : error bar
not present in the cited paper, estimated to be of the same order than a previous case discussed in the same paper, before removing one
point from the fitting; j : in the cited paper the Mach number is given as MX ∼> 3.5− 4.
Cluster P1.4 (W Hz−1) MX αpeak MR,p αav MR,a
Bullet (2.3± 0.1)× 1025 (1) 2.5+1.3−0.8 (1) 0.8± 0.1a (1) 2.8± 0.4 1.07± 0.03 (1) 5± 1
A754 (4.5± 0.2)× 1022 (2) 1.57+0.16−0.12 (2) 1.8± 0.1a (3) 1.59± 0.04 2.02± 0.04 (2) 1.72± 0.02
A521 (2.8± 0.2)× 1024 (4) 2.42± 0.19 (5) 1.0± 0.1 (4) 2.2± 0.2 1.48± 0.01 (4) 2.27± 0.02
Coma (2.3± 0.2)× 1023 (6) 1.9+0.16−0.40 (7) 1.0± 0.2 (8) 2.2± 0.4 1.21± 0.03 (8) 3.2± 0.2
A2256 (4.1± 0.3)× 1024 (9) 1.7± 0.2h (9) 0.6± 0.1a (9) 5± 2 1.2± 0.3b (10) 3± 2
Toothbrush (N) (6.0± 0.4)× 1025 (11) 1.9+0.75−0.42 (36) 0.65± 0.05 (11) 3.8± 0.6 1.10± 0.02 (11) 4.6± 0.4
Toothbrush (E) (1.8± 0.2)× 1024 (11) 2.4+0.46−0.36 (36) 1.0± 0.1a (11) 2.2± 0.2 1.2± 0.2c (11) 3± 2
A3667 (NW) (2.9± 0.2)× 1025 (12) 2.41± 0.39 (13) 0.7± 0.1 (12) 3.3± 0.8 1.1± 0.2d (14) 5± 4
A3667 (SE) (2.4± 0.2)× 1024 (12) 1.75± 0.13 (15) 0.9± 0.1 (12) 2.4± 0.3 1.2± 0.2 (12) 3± 2
Sausage (N) (1.5± 0.2)× 1025 (16) 3.15± 0.52 (15) 0.60± 0.05 (16) 5± 1 1.06± 0.04 (16) 6± 2
Sausage (S) (2.2± 0.2)× 1024 (16) 1.7+0.4−0.3 (17) 0.8± 0.1a (16) 2.8± 0.4 1.29± 0.05 (16) 2.8± 0.2
A3376 (6.0± 0.5)× 1023 (18) 2.94± 0.60 (19) 1.0± 0.2 (18) 2.2± 0.4 1.70± 0.06 (18) 1.96± 0.06
A2034 (2.8± 0.8)× 1023 (20) 1.59+0.06−0.07 (21) 0.9± 0.1 (22) 2.4± 0.3 1.7± 0.1 (22) 2.0± 0.1
A3411 (3.0± 0.2)× 1024 (23) 1.7± 0.2i (24) 0.9± 0.1 (24) 2.4± 0.3 1.2± 0.1 (24) 3.3± 0.8
A115 (3.9± 0.2)× 1024 (25) 1.7± 0.1 (25) − − 1.1± 0.5 (26) 5± 11
El Gordo (NW) (3.1± 0.9)× 1025 (27) 4.1+3.4−0.9 (28) 0.86± 0.15 (27) 2.56± 0.45 1.19± 0.09 (27) 3.4± 0.7
El Gordo (SE) (4.5± 1.5)× 1024 (27) 3.75± 0.25j (28) 1.1± 0.1e (27) 2.1± 0.1 1.4± 0.1 (27) 2.4± 0.3
A2744 (6.5± 0.5)× 1024 (29) 1.7+0.5−0.3 (30) 0.9± 0.1 (29) 2.4± 0.3 1.1± 0.1 (29) 5± 2
A2255 (4.8± 0.2)× 1023 (31) 1.42+0.19−0.15 (32) 0.9± 0.1 (31) 2.4± 0.3 1.1± 0.3f (31) 5± 7
MACS J0717.5+3745 (1.05± 0.06)× 1026 (33) 1.6± 1.5g (34) 1.0± 0.5 (35) 2.2± 0.2 1.3± 0.1 (33) 2.8± 0.4
3.2 Expected scatter in the correlation
In the following we will study the correlations between the
radio powers of the relic and the corresponding Mach num-
bers derived from X-ray and radio measurements. Given the
large number of quantities that can impact on the radio lu-
minosity of the relics (e.g., electrons density, magnetic field,
size of the relic, properties of the seed electrons) we do not
expect that the radio powers will follow strictly the trend as
a function of M that is predicted for the DSA and for the
adiabatic compression models through the function Ψ(M)
and the amplification factor A, respectively. However, the
dependence of P1.4 is generally stronger from M than from
any other parameter involved, especially at low values ofM.
For example, Pinzke et al. (2013) calculated the scatter
in the P1.4−M plane produced by the variation of the sev-
eral parameters for the DSA model operating on the direct
acceleration from the thermal gas and on a fossil cloud of
relativistic electrons (see their fig.16), finding that the two
models should predict a different slope of the average cor-
relation for M 6 4, and a very different number of relics
forM 6 3 even when reasonable variations of the other pa-
rameters are taken into account (see also Vazza & Bru¨ggen
2014).
In order to extend this result also to the adiabatic com-
pression scenario, we performed a Monte Carlo simulation
of 105 relics assuming an initial distribution of radio powers
of the clouds following the one of the local radio luminosity
function of radio loud AGNs (Mauch & Sadler 2007), a dis-
tribution of the Mach numbers produced in internal shocks
according to Ryu et al. (2003), a uniform distribution of the
initial spectral indices in the range s = 2 − 5, and apply-
ing the corresponding amplification factor as in eq.(17). We
calculated the average correlation line as the best fit value
with a power law to the simulated data, and the maximum
curve as the one with the same slope including 95% of the
simulated data.
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Our result is compared with the curves taken from
Pinzke et al. (2013) in Fig.2 (these curves are shown in their
plot only in the range M = 2 − 6). We find that there is a
difference between the three models especially at low Mach
numbers: we tried to fit the curves with a power law in the
range M 6 4, and we found values of the slopes of the or-
der of 10–11 for the direct DSA, of 7–9 for the DSA on a
relativistic cloud, and ∼ 3.6 for the adiabatic compression.
In order to check the effect of using a small number
of relics (in our case 20 relics) on the determination of the
slope that can be obtained from a fit to the data, we also per-
formed Monte Carlo simulations: for each of the three mod-
els shown in Fig.2, we simulated 20 relics allowing the sev-
eral parameters to vary within reasonable values in galaxy
clusters, according to eq.(15) for the direct DSA, eq.29 in
Pinzke et al. (2013) for the DSA on a relativistic cloud, and
eqs.(16-17) for the adiabatic compression, and fitted the re-
sulting P1.4 −M relation with a power-law P1.4 = aMbX .
We repeated this calculation 104 times for each model, and
we found that the resulting slopes are following a distribu-
tion with b¯ = 8.8± 2.0 for the direct DSA, b¯ = 5.1± 1.6 for
the DSA on a relativistic cloud, and b¯ = 3.6 ± 1.0 for the
adiabatic compression.
Therefore in the following, for the largest sample of
relics where the Mach number from X-ray observation has
been estimated, we can try to identify from these correla-
tions if the average trend is resembling more closely one
of these scenarios. In particular, a change in the slope at
Mach number M ∼ 3 is typical of the DSA scenarios, and
a continuous power-law increase is typical of the adiabatic
compression scenario. Also, the presence of a high number of
relics with high radio power andM ∼< 2 could be explained
only in terms of a scenario where the radio power is mainly
determined from the initial cloud.
After the study of the P1.4−M correlation, we will also
check the correlation between the values of the Mach number
derived in different ways in order to determine which method
is more reliable for the study of the properties of radio relics.
3.3 Radio power vs. X-ray derived Mach numbers
We show in Fig.3 the correlation between the power of
the radio relic as measured at 1.4 GHz, P1.4, and the
X-ray derived Mach number MX . For a power law rela-
tion, P1.4 = aMbX , the best fit is obtained for the values
Log a = 21.8 ± 0.41 and b = 8.2 ± 0.9, giving a minimum
χ2 value of χ2min = 100 for 18 d.o.f. (χ
2
red = 5.55). Given
the high value of χ2min this fit is therefore not good, as is
clear given the large scatter of the data. We notice that the
value of the slope indicated by the formal best fit is closer
to the DSA case than to the adiabatic compression case,
where the slope should be of the order of the spectral index
of the electrons (see Figs.1 and 2). For s = 8.2, the radio
spectral index should be α ∼ (8.2−1)/2 = 3.6, that is not a
representative value for radio relics (see Table 1). By com-
paring the value of the slope as resulting from this fit to
the distribution of the results of the fits to a sample of 20
simulated relics as described in the previous subsection, and
calculating the quantity
1 Here and in the following we use the notation Log x ≡ log10(x).
Figure 2. Average and maximum correlation lines predicted by
different models: DSA from the thermal pool (solid lines), DSA
on a relativistic fossil cloud (dashed lines), and adiabatic com-
pression on a relativistic fossil cloud (dot-dashed lines). The first
two sets of curves are taken from Pinzke et al. (2013), the last
one from our Monte Carlo simulation (see text for detail).
t =
|b− b¯|√
σ2b + σ
2
b¯
, (20)
we can estimate that the probability that a t-distributed
variable with 18 d.o.f. has a smaller value than the calculated
one is 60.6%, 94.6%, and 99.8% for the direct DSA, the
DSA on a relativistic cloud and the adiabatic compression
respectively.
In order to determine if a correlation between the data is
at all present we calculated the Pearson ρ coefficient for
the correlation between Log P1.4 and Log MX , given by the
formula
ρ =
∑
i
(xi − x¯)(yi − y¯)√∑
i
(xi − x¯)2
√∑
i
(yi − y¯)2
(21)
and we found that the value obtained for these sets of the
data is ρ = 0.335. The threshold value for 18 d.o.f. of ρ in
a two-tails test over which the difference from an absence
of correlation is significant at 95% confidence level is 0.444;
therefore we can conclude that no significant correlation is
present between these two sets of variables. In order to take
into account the possible effect of the error bars on the value
of the Pearson coefficient, we performed Monte Carlo simula-
tions, by allowing each data point to vary around its central
value with a Gaussian distribution with the observed value
of σ. We simulated 106 distributions, and we found that the
probability that the Pearson coefficient is in the region of
no correlation is 79.9%. This indicates that the data do not
show any evidence of correlation when both their central
values and their error bars are considered. We will discuss
in Sect.4 the consequences of this result.
3.4 Radio power vs. radio derived Mach numbers
We show in Fig.4 the correlation between the power of the
radio relic P1.4 and the Mach number derived from the peak
value of the radio spectral index MR,p. For a power law re-
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Figure 3. Correlation between the radio power of the relic
P1.4 and the X-ray derived Mach number MX . The best fit
line corresponding to a power-law P1.4 = aMbX is plotted for
Log a = 21.8± 0.4 and b = 8.2± 0.9.
lation, P1.4 = aMbR,p, the best fit is obtained for the values
Log a = 19.9± 0.4 and b = 13± 1, giving a minimum value
χ2min = 45.8 for 17 d.o.f. (χ
2
red = 2.69). Again the χ
2
min value
is quite high indicating that this fit is not good and seems to
be biased towards reproducing lowM numbers, as is evident
from the large scatter of the data and the large errors for
highM values. The comparison with the b¯ values as found in
Sect.3.2 shows that the probability that a t-distributed vari-
able has a smaller value than the one derived from eq.(20)
using this best fit value is 96.2% for the DSA case, and bigger
than 99.9% for the DSA on relativistic clouds and the adia-
batic compression cases. The Pearson correlation coefficient
calculated according to eq.(21) is ρ = 0.510; for 17 d.o.f. the
threshold value at 95% c.l. is 0.455; therefore in this case
a correlation is present between the two sets of data. How-
ever, the results of the Monte Carlo simulation taking into
account the effect of the error bars give the result that the
probability of no correlation is 54.2%; therefore, in this case
the error bars don’t allow to draw a definite conclusion.
We show in Fig.5 the correlation between the power of
the radio relic P1.4 and the Mach number derived in this case
from the average value of the radio spectral indexMR,a. For
a power law relation, P1.4 = aMbR,a, the best fit is obtained
for the values Log a = 19.4± 0.1 and b = 13.7± 0.7, giving
a minimum value χ2min = 132 for 18 d.o.f. (χ
2
red = 7.33).
As in the previous case, the χ2min value is quite high in-
dicating that this fit is not good and seems to be biased
towards reproducing lowM numbers, as is evident from the
large scatter of the data and the large errors for highM val-
ues. The comparison with the b¯ values as found in Sect.3.2
shows that the probability that a t-distributed variable has
a smaller value than the one derived from eq.(20) using this
best fit value is 98.4% for the DSA case, and bigger than
99.9% for the DSA on relativistic clouds and the adiabatic
compression cases. The Pearson correlation coefficient cal-
culated according to eq.(21) is ρ = 0.551; for 18 d.o.f. the
threshold value at 95% c.l. is 0.444, indicating therefore also
in this case a correlation is present between the two sets of
data. However, the effect of the error bars is to indicate that
Figure 4. Correlation between the radio power of the relic P1.4
and the Mach number derived from the peak value of the radio
spectral indexMR,p. The best fit line corresponding to a power-
law P1.4 = aMbR,p is plotted for Log a = 19.9±0.4 and b = 13±1.
Figure 5. Correlation between the radio power of the relic P1.4
and the Mach number derived from the average value of the radio
spectral indexMR,a. The best fit line corresponding to a power-
law P1.4 = aMbR,a is plotted for Log a = 19.4 ± 0.1 and b =
13.7± 0.7.
the probability of no correlation is 81.2%; the discrepancy
between these results is due to the big size of some of the
error bars, as evident from Fig.5.
3.5 X-ray vs. radio derived Mach numbers
correlation
We show in Figs. 6, 7 and 8 the correlations between the
Mach number derived from the average value of the radio
spectral indexMR,a and from X-ray measurements, the one
between the Mach number derived from the peak value of the
radio spectral indexMR,p and from X-ray measurements as
well as the correlation between the Mach number derived
from the average value of the radio spectral index MR,a
and from the peak value of the radio spectral index MR,p,
c© 2014 RAS, MNRAS 000, 1–14
10 Colafrancesco, Marchegiani and Paulo
Figure 6. Correlation between the Mach number derived from
the average value of the radio spectral index MR,a and from
X-ray measurements. The best fitting line MR,a = a + bMX is
plotted for a = 0.2± 0.4 and b = 1.0± 0.2.
respectively.
We fitted (see Fig.6) the relation between MR,a and MX
with a linear function MR,a = a + bMX , and found that
the best fit is obtained for a = 0.2 ± 0.4 and b = 1.0 ± 0.2
with χ2min = 54.8 for 18 d.o.f. (χ
2
red = 3.04). Therefore, the
parameters of the fit are compatible with the MR,a =MX
condition, but the fit is poor. The Pearson coefficient for
these two sets of data is ρ = 0.011, whereas the threshold
value at 95% confidence level is 0.444; therefore, a correla-
tion is not present between the two sets of data, as confirmed
also by the Monte Carlo simulations taking into account the
error bars, that indicate a 99.8% of probability of not having
a correlation.
For the relation between MR,p and MX we found (see
Fig.7) that the best fitting parameters are a = 1.2±0.2 and
b = 0.37± 0.08 with χ2min = 65.3 for 17 d.o.f. (χ2red = 3.84).
Therefore in this case the fitting is worse than in the previous
case, and the best parameters are biased towards a value of
a different from 0 and a slope b smaller than 1. The Pearson
coefficient for these sets of data is 0.079, and the threshold
value is 0.455, therefore no correlation is present between
these sets of data, as confirmed also by the Monte Carlo
simulations taking into account the error bars, that indicate
a 99.6% of probability of not having a correlation.
Finally, for the relation between MR,p and MR,a we
found (see Fig.8) that the best fitting parameters are a =
0.4 ± 0.2 and b = 0.7 ± 0.1 with χ2min = 13.2 for 17 d.o.f.
(χ2red = 0.776). Therefore, in this case the fit is good, but the
best fitting parameters are not compatible with the relation
MR,p = MR,a until ∼ 3σ level. The Pearson coefficient
is 0.539, and the threshold value is 0.455, therefore in this
case a correlation is present between these two sets of data.
However, the probability of no correlation obtained from
the Monte Carlo simulations is 79.6%; even in this case,
the discrepancy between the results obtained by considering
only the central values and by considering the error bars is
due to the big size of some of the error bars.
These results show that the determination of the Mach
Figure 7. Correlation between the Mach number derived from
the peak value of the radio spectral index MR,p and from X-ray
measurements. The best fitting line MR,p = a+ bMX is plotted
for a = 1.2± 0.2 and b = 0.37± 0.08.
Figure 8. Correlation between the Mach number derived from
the average value of the radio spectral indexMR,a and from the
peak value of the radio spectral indexMR,p. The best fitting line
MR,p = a+ bMR,a is plotted for a = 0.4± 0.2 and b = 0.7± 0.1.
number associated to a shock is a difficult task. WhileMX is
definitely associated to the properties of the shock, the Mach
numbers derived from radio measures are really determined
from the spectral index of the relic under the assumption of
DSA, and therefore do not necessarily reflect the properties
of the shock if the relic is produced by a different mech-
anism, like electrons ejected from radiogalaxies. Generally
speaking, the lack of correlation between MX and MR (in
both the two ways this second quantity can be determined),
is therefore a clue that the spectral index of the relic is not
due to the acceleration of particles by the shock but to the
fossil electrons properties. More specifically, from both the
correlations between MR,a and MR,p with MX , it seems
that there is not any correlation for MX < 3, where the
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radio determined Mach numbers are generally higher than
the X-ray determined ones, according to the results pub-
lished in literature (see, e.g., Akamatsu et al. 2017 for the
most recent compilation and analysis). This means that for
low Mach numbers the spectrum of the relics is usually flat-
ter than what is expected from the DSA, indicating that
we are probably observing the properties of a fossil electron
population. Instead, for MX > 3, it seems that the radio
determined Mach numbers are lower than the X-ray deter-
mined values. This means that the spectra of relics for strong
Mach numbers are steeper than the values expected from
the DSA, and this is very interesting, because in this case
the acceleration process is expected to determine the slope
of the spectrum of the relic even if the electrons are a fos-
sil population that is being reaccelerated (e.g. Kang & Ryu
2011). Therefore, this can be a clue that a different process
is working to determine the relic spectrum, as the adiabatic
compression scenario, that is expected to generate electrons
spectra steeper than DSA (Enßlin & Gopal-Krishna 2001).
However, the small number of points withMX > 3 and the
large error bars associated to high Mach numbers do not
allow to derive yet a definite conclusion.
The only case where there is a hint of correlation is for
MR,a vs. MR,p, according to their central values; in this
case such a correlation is expected because both these quan-
tities are determined from the spectral index of the relics.
However, Fig.8 shows that in this case there is a good corre-
lation for low Mach numbers up to valuesMR,a ∼> 3, but for
higher Mach numbers the points are more scattered, and the
error bars are so big to obscure the correlation. In particular,
there is a number of points with MR,a >MR,p, i.e. where
the average spectral index is flatter than the value that can
be expected from its peak value. In the DSA scenario we
should expectMR,a =MR,p, because the average and peak
values of the spectral index are related by αav = αpeak +0.5
because of the energy losses, while in the adiabatic com-
pression scenario we should expect MR,a < MR,p, be-
cause the electrons should loose quickly their energy, be-
cause no acceleration processes should be effective and the
electrons are outside the equilibrium condition. Therefore,
the MR,a >MR,p condition should imply the existence of
other mechanisms, as for example the turbulences scenario
(Fujita et al. 2015), that can accelerate the electrons in a
wider area than the shock front one, allowing to flatten the
spectral index in a large fraction of the relic area, and pro-
ducing in this way an average value of the spectral index
which is flatter than the one expected from the energy losses
of the electrons. The fact that this trend is observed only
for M > 3 can instead suggest that this effect is due to the
fact that when the shock wave is slow we can observe the
electrons far from the shock front when they already have
reached the equilibrium state, whereas when the shock wave
is faster we can observe a larger area far from the shock
front where the electrons did not have the time to reach the
equilibrium state, and therefore their spectral index is flat-
ter than the equilibrium one. However, also in this case the
uncertainties in the determination of the radio Mach num-
ber for high values, and the small number of points, do not
allow to derive a definite conclusion yet.
4 DISCUSSION
The results of our analysis of the P1.4 − M correlation
set interesting constraints on the available models for the
origin of radio relics. Our results are challenging for the
available models and leave several open questions: in the
P1.4−MX distribution (Fig.3) the observed slope is compat-
ible with the direct DSA scenario, is marginally compatible
( ∼< 2σ) with the DSA on relativistic clouds scenario, and
is not compatible ( ∼> 3σ) with the adiabatic compression
scenario. However, the data do not show a change in the
slope of the distribution as expected in the DSA scenarios
(see Fig.2). Moreover, this is in tension with the presence
of a number of relics with MX ∼< 2 and P1.4 > 1024 W
Hz−1, that is expected only in the adiabatic compression
scenario (see Fig.2), but with only a moderate contribution
from the compression, because for MX ∼< 2 the compres-
sion factor is expected to be of one order of magnitude or
less (see Fig.1). This should imply that the luminosity of
the relic is mainly determined from the properties of a fossil
electron population rather than the properties of the shock.
In the P1.4−MR distributions (Figs.4–5) the observed slope
is marginally compatible with the direct DSA scenario (at
∼> 2σ), and not compatible (> 3σ) with the other two sce-
narios. More, the distribution P1.4 −MR,p (Fig.4) shows a
large value of the slope untilMR,p ∼ 3, and the presence of
a possible flattening after this value, suggested by the pres-
ence of some data points (actually, only three points) that
are located significantly under the best-fit line, as expected
in the DSA scenarios. However, it is important to note that
the values ofMR,p are determined under the DSA assump-
tion, and the fact that a similar trend is not observed using
the MX values, which are not based on the DSA assump-
tion, make this result weaker.
Also the correlation analysis provides results that are
not simply explainable with the current models. In fact,
there is a clear lack of correlation between P1.4 andMX by
considering both the central values of the data and the cor-
responding error bars. This result puts in difficulty all the
considered models where the radio power should strongly
depend on the Mach number, even when the effect of the
other parameters affecting the radio power is considered (see
Fig.2). Instead, data show that there is a possible positive
correlation between P1.4 and the radio determined Mach
numbers, when only the central values of the data are taken
into account. However, this trend is not confirmed by the
analysis of the correlation when the error bars are taken
into account. For this reason, better determinations of the
radio spectral index are desirable in order to reduce the er-
rors onMR and have results that can be compared with the
ones derived from the X-ray derived Mach numbers.
If the properties of the relics are mainly related to a
fossil electron population, the properties of the shock should
become more evident at high frequencies (e.g. Macario et al.
2011) and at high Mach numbers (e.g. Kang & Ryu 2011).
Currently the observations of radio relics at high frequen-
cies are contradictory, because from some observations it
seems that a quick steepening of the spectrum is present
around 10 GHz (Stroe et al. 2016), therefore favoring the
adiabatic compression scenario, whereas from other obser-
vations it seems that no steepening is present until 30 GHz
(Kierdorf et al. 2017), therefore favoring an acceleration (or
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re-acceleration) scenario. Therefore, the study of radio relics
with high-sensitivity instruments at high frequencies like the
SKA1-MID will be important to determine which astrophys-
ical process is producing the relics. The determination of
high values of Mach numbers from radio observations is dif-
ficult because the Mach number function tends to diverge for
αpeak → 0.5 and αav → 1, so that even a small error in the
determination of the spectral index can produce a huge error
on the derived Mach number. Also in this case instruments
with high sensitivity and high angular resolution (that can
identify the regions where the spectral index has a peak)
will be useful to better constrain the Mach number values
derived from radio observations.
The correlation analysis between the Mach numbers de-
rived using different techniques provides also contradictory
results: while for MX < 3 it seems that no correlation with
MR is present, for MX > 3 it seems that the values of
MR are lower than expected, corresponding to steeper spec-
tral index, therefore disfavoring scenarios based on acceler-
ation or re-acceleration. Instead, from the correlation be-
tweenMR,p andMR,a it seems that forMR > 3 the values
of MR,a are higher than what is expected from MR,p, sug-
gesting that other forms of acceleration, produced by e.g.
turbulences, are effective. The possible effect of turbulent
reacceleration is in fact to produce spectral indices flatter
than the ones predicted by the standard DSA, and this ef-
fect should be visible in a region behind the shock, displaced
from the shock front by a distance of the order of 100–200
kpc (e.g. Fujita et al. 2015), therefore impacting on MR,a
but not on MR,p.
A possible alternative is that the shock is not produced
in the ICM like in the case of merger or accretion shocks, but
from other radiogalaxies jets (e.g., Kraft et al. 2012): in this
case all the formulae used to determine the Mach number
must be changed, and the value of the polytropic index γg =
4/3, corresponding to a full relativistic plasma, should be
used instead of the value of 5/3 typical of a thermal plasma.
In this way, it would be also possible to obtain a minimum
value of the peak spectral index αpeak = 0.25 (and also the
formulae to obtain MR and MX will change); this would
allow to explain, e.g., the peak values αpeak ∼ 0.4 for the
relics in A3667 observed by Hindson et al. (2014), and the
average value of αav = 0.8 ± 0.1 found in A2255 by Pizzo
& De Bruyn (2009). Therefore, it is necessary to study in
detail the spatial properties of the (radio)galaxies close to
the relics, and check if both the electrons and the shocks
can be produced by radio galaxies jets (we will discuss this
case more extensively elsewhere, see Colafrancesco et al. in
preparation).
Other possibilities that have been proposed in literature
to explain the lack of correspondence between the properties
of the relics and the Mach numbers derived with different
techniques include: shocks with non uniform distribution of
the Mach numbers due to ICM inhomogeneities (e.g., Nagai
& Lau 2011), the effect of the dynamical reaction of particles
on the shock (e.g. Blasi 2010), pre-acceleration of electrons
via shock-drift acceleration (Guo, Sironi & Narayan 2014),
projection effects (Skillman et al. 2013), non-equilibrium ef-
fects between electron and proton temperatures after the
shock (Akamatsu et al. 2017).
5 CONCLUSIONS
We have discussed in this paper a new technique to con-
strain models for the origin of radio relics in galaxy cluster
which makes use of the correlation between the shock Mach
number and the radio power of relics. This analysis has been
carried out using a sample of relics with information on the
Mach numbers derived using various techniques: the Mach
number derived from X-ray observation of shock jump con-
ditions and those derived using spectral information from
radio observations using the the peak and the average val-
ues of the spectral index along the relic.
The lack of correlation between MX and MR is an in-
dication that the spectral index of the relic is likely not due
to the acceleration of particles operated by the shock but it
is related to the properties of a fossil electrons population
(see Sect.3.5). The data show that at MX ∼< 3 there is a
trend MR > MX , as found in previous studies (e.g. Aka-
matsu et al. 2017), showing that the strength of the shock
is not able to produce the observed flatness of the spec-
trum, whereas forMX > 3 there is a trend pointing towards
MR <MX , again suggesting that a process different from
DSA is producing the observed spectral index. However, the
small number of data points withMX > 3 and the large er-
ror bars on MR do not allow to derive definite conclusions
yet. Therefore, an increase of the number of observed relics
with precise measurements ofMR and with relatively small
uncertainties, especially for high values of MR, as feasible
with new generation instruments like SKA1-MID, will be
important to determine the consistency between the physics
of shock as described by jump conditions in gas density and
temperature (as measured in the X-rays) and the effects of
shocks in the possible (re)energization of electrons by DSA
or adiabatic compression models. The trend MR,a >MR,p
observed forMR,a > 4 is instead suggesting that some other
mechanism, like, e.g., the turbulences scenario, are working.
The available data on the correlation between the radio
power P1.4 and Mach numbers (MR and MX) in relics in-
dicate that neither the DSA nor the adiabatic compression
can simply reproduce the observed P1.4 −M correlations.
In fact, while the slope of the P1.4 −MX correlation and
a possible flattening of the P1.4 −MR,p correlation at high
MR,p values seem to point towards a DSA scenario, the lack
of a similar flattening in the P1.4 −MX plot and the rela-
tively high number of relics with low Mach number and high
radio power are instead typical of the adiabatic compression
scenario, suggesting that the relic radio power is mainly de-
termined by the properties of a fossil electron population.
This is confirmed also by the lack of correlation between
P1.4 and MX , whereas there is a possible positive correla-
tion between P1.4 and the radio determined Mach numbers,
when only the central values of the data are taken into ac-
count. However, this trend is not confirmed by the analysis
of the correlation when the error bars are taken into account.
The results we obtained in this paper require either to
consider models of shock (re)acceleration that go beyond
the proposed scenarios of DSA and adiabatic compression at
shocks, or lead to reconsider the origin of radio relics: along
this last avenue, we suggest that a necessary step forward is
provided by the detailed study of the evolution of seed elec-
tron populations as those produced by radio galaxy jets and
outflows. This analysis must be done for each specific relic
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using multi-messenger techniques and we will describe the
results of our analysis of the 77 relics found in our extended
cluster relic sample in a forthcoming paper (Colafrancesco
et al., in preparation).
Additional information in the radio band, especially re-
garding the spectral index at high frequencies which can be
obtained with instruments like SKA1-MID, will be useful to
better constrain the properties of radio relics and the mod-
els for their origin. Information obtained in other spectral
bands will be useful to complete this analysis. For example,
using X-ray instruments with high sensitivity and spatial
and spectral resolution, like Athena or Astro-H2, it would
be possible to determine MX with better precision. From
measurements in the mm. band the Mach number can be
obtained in an independent way from the pressure jump es-
timated from the thermal Sunyaev-Zel’dovich measurements
(e.g. Erler et al. 2015), and possible detection of the non-
thermal SZE can give information on the properties of the
electrons which are not depending on the magnetic field
properties (see e.g. Colafrancesco & Marchegiani 2011, Co-
lafrancesco et al. 2013 for the case of radio galaxies lobes).
In the hard X-ray and gamma rays, the possible detection
of the Inverse Compton emission from relativistic electrons
in relics can constrain their high-energy spectra, allowing to
discriminate between the acceleration and adiabatic com-
pression scenario (see Paulo, Colafrancesco & Marchegiani
2017).
Therefore, the results presented in this paper show that deep
and systematic spectral and imaging radio, mm. and high-
energy observations of radio relics are essential to unveil the
origin of this cosmic phenomenon which is a prototype for
the evolution of non-thermal phenomena in galaxy clusters.
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